MULTIVALENT FUNCTIONS
STAR-LIKE IN ONE DIRECTION

BY
TERUO TAKATSUKA

1. Introduction. Recently J. Bender [1]has obtained the following representation
theorem for the multivalently star-like functions of the class C(p,q) which is
given in the following form:

THEOREM A. A function f(z) is said to be a member of the class C(p,q),
where p and q are positive integers with p = q, if and only if there is a positive
number p such that

.1 Re zf(g) >0, p<|z]<],

(1.2) f" Re [zfgz()z)] d0=2np, z=ré® p<r<l,
and

1.3 f@)=z"+ ..:%ﬂ a2,  |z| <1

Let f(z)€ C(p,q). Then

) 1@ =16V TT -3 - 52)

where ¢(z)e C(1,1), 0 <|o;| <1 and f(a) =0 for i=1,2,-,(p - q).

Moreover he has proved an extremal theorem for the functions of the class
C(p, )

The set of analytic functions star-like in one direction has been introduced by
S. Ozaki [3] and M. S. Robertson [4]. T. Umezawa [8] has obtained a wider
sufficient condition for a function star-like of order at most p in one direction
and for a function convex of order at most p in one direction.

The purpose of this note is to extend T. Umezawa’s theorem into the form
of Theorem 1 by using an idea of S. Ozaki [3], and we shall generalize J. Bender’s
representation theorem in §4 and his extremal theorem for the functions of the
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class C(p,q) in §5. Moreover, we shall obtain a generalization of W. C. Royster’s
theorem [5].

2. Functions star-like of order p in one direction.

DEFINITION 1. Let f(z) be meromorphic for | z| < r and continuous and f(z) # 0
on |z| = r. Furthermore let C be the image curve of | zl = r under f(2). If Cis cut
by a straight line passing through the origin in 2p, and not more than 2p points,
f(2) is said to be star-like of order p in one direction.

Now let C, denote the part of |z| = r on which d arg f(z) > 0 when z moves
on |z|=r positively and put [cdargz=x, and let C, denote the part of
|z| =r on which dargf(z) £0 when z moves on |z| = r positively and hence
fc,dargz = 2n — x. Besides, we put

@.1) yi = fc dargf(@),  yi=— fc darg f(2).

Let N(¢) be the number of the points of intersection of the straight line
arg f(z) = ¢ (started from the origin) with C. Then it is evident that the total
variation of arg f(z) on C is given by [§N(¢)d¢. If C is star-like of order at least
(p + 1) in one direction, then we have

@2 [ v@rap =] |daresc)| 220+ .
Hence we have
23 yi+ v = [ |dargs @2 200 + 1),

On the other hand, when n(a) denotes the number of a-points of f(z) in |z| <,
we obtain

24) yi= s = [ dargs(a) = 22{n(®) - n(e).
From (2.3) and (2.4), we have

@5) P2 {2+ 1+ n(0) - n(oo)}m,

(2.6) y22{p+1—n(0)+ n(c0)}n.

From (2.3), (2.5) and (2.6) we obtain the following theorem.
THEOREM 1. Let f(z) be meromorphic for |z| =< r and continuous and f(z) # 0
on | z | = r. If f(z)satisfies on | z | = r one of the following conditions

2.7 Y = darg f(z) < (A + B)n,
Cy
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2.8) | Vs = - fc dargf(z) < (4 - B,

2.9) Vit+y, = J; |darg f(2)| < 2n4,
where A=p+ 1, B=n(0) — n(), then f(z) is star-like of order at most p in
one direction.

REMARK 1. (2.9) is T. Umezawa’s theorem [8].

THEOREM 2. Under the same assumption as Theorem 1, if f(z) satisfies on
|z| = r one of the following conditions

ezf'(z) < A+ B

0)) R [i®) 7
zf'(2) A—-B
210@ Re2SD, _A°E
zf'(2)
) lRe o |<A,

where A = p + 1, B = n(0) — n(o0), then f(z) is star-like of order at most p in one
direction.

Proof. When we notice that

(A+Bm_ A+B _@4-Bn__A-B

x = 2 7 2n—x = 2’

we obtain (1) and (2) in (2.10) from (2.7) and (2.8) respectively. Moreover, we
obtain easily (3) of (2.10) from (2.9).

REMARK 2. The relation (3) of (2.10) is T. Umezawa’s theorem [8].

THEOREM 3. Under the same assumption as Theorem 1, if f(z) satisfies on
| z| = r the following inequality

(4 — B) zf'(2)
"% —(4+B) <R°[ 10

where A=p+ 1, B=n(0) — n(w0), A+ B>0, A — B> 0 and 2a is an arbitrary
number not less than A + B, then f(z) is star-like of order at most p in one
direction.

(2.11)

<a,

Proof. We apply here the method which has been used by T. Umezawa [8].
Since we have on |z| =r

@.12) Yi=y2 = fc darg f(z) = 2nB,
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we obtain

(2.13) ity = J; Idargf(z)] =2y, — 2nB.

Since we have the hypothesis (2.11), we obtain
(2.14) Y1 < ax,
(2.15) y2 <a(A — B)(2n — x)/(2e — A — B).

Let us show that, under these circumstances, y; < (4 + B)n. Suppose that
(2.16) y12(A+ B)r,
then we obtain y, = (4 — B)n from (2.12), and we have from (2.15)

(A— B <a(A — B)(2n — x)/2ax — A — B).
Since we have A — B> 0 and 2a > A + B from the hypothesis, we have
2.17) (A + B)n > ax.

But on the other hand by (2.14) and (2.17), we obtain y, < (4 + B)r. This contra-
dicts (2.16). Hence we have y; <(4 + B)m on |z| =r. Therefore, by (2.7) (z)
is star-like of order at most p in one direction.

CoRrROLLARY 1. Under the same assumption as Theorem 1, if f(z) satisfies on
|z| = r the following inequality

2f'(2)
Re=rrs-—B|<4,

where A=p+1, B=n(0)—n(w0), A+ B>0, A— B>0, then f(z) is star-
like of order at most p in one direction.

Proof. If we put o = A + Bin (2.11), then we have Corollary 1.

3. Functions convex of order p in one direction.

DEFINITION 2. Let f(z) be meromorphic for |z|<r and continuous and
f'(2) #0 on |z| = r. Furthermore let C be the image curve of |z| = r. If every
straight line parallel to a direction cuts C in not more than 2p points and there
exists at least one such straight line which cuts C in 2p points, then f(z) is said
to be convex of order p in one direction.

LemmA 1. If zf'(2) is star-like of order p in one direction, then (i) f(z) is
convex of order at most p in one direction, (ii) f(z) is at most [p + n(c0)]-valent
and at least Max[n(x) — p,1]-valent for |z| <r

We owe this lemma to M. S. Robertson [4] and T. Umezawa [8].
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We can prove the below-mentioned Theorem 4, Theorem 5, Theorem 6 and
Corollary 2 by using Lemma 1 corresponding to Theorem 1, Theorem 2, Theorem 3
and Corollary 1.

THEOREM 4. Let f(z) be meromorphic for |z| <r and continuous and
f'(z2)#0o0n |z| = r. Let n*(a) denote the number of a-points of f'(z) in |z| <r.
Moreover, let C, denote newly the part of Iz] =r on which d arg df(z)>0
and let C, denote the part of |z|= r on which dargdf (z) £0. If f(z) satisfies
on lzl = r one of the following conditions

3.1 dargdf(z) < (D + E)xn,
Cy
3.2 - j dargdf(z) <(D — E)r,
C2
3.3) f |dargdf(z)| < 2xD,
c

where D =p+ 1 — n(x0), E =n*0) — n*(0) + 1, then f(z) is convex of order
at most p — n() in one direction for |z| < r. Further f(z) is at most p-valent
and at least Max [2n(c0) — p, 1]-valent for |z| S r.

THEOREM 5. Under the same assumption as Theorem 4, if f(z) satisfies on
Izl = r one of the following conditions

1+ Re zf'(z) D+E

@ @ <2
zf"(2) D—-E
G4 L+Re 28 > 252,
zf"(z)
) |1+Re—fT(;)— <D,

where D = p + 1 — n(©), E = n*(0) — n*(0) + 1, then f(z) is convex of order
at most p — n(o0) in one direction for |z| < r. Further f(z) is at most p-valent
and at least Max [2n() — p,1]-valent for |z| sr

THEOREM 6. Under the same assumption as Theorem 4, if f(z) satisfies on
|z| = r the following condition
zf"(z)

B(D — E)
~“2-D—E <1+ Re Q) <B,

where D=p+1—n(w), E=n*0)—-n*(0)+1, D+E>0, D—E>0 and
2B is an arbitrary number not less than D + E, then f(z) is convex of order at

3.5)
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most p — n(o0) in one direction for |z| =< r. Further f(z) is at most p-valent and
at least Max[2n(o) — p,1]-valent for | | <r

COROLLARY 2. Under the same assumption as Theorem 4, if f(2) satisfies on
|z| = r the following inequality

ll+Re fo((z)) E[<D,

where D =p+ 1 — n(o), E =n*0) —n*(0)+1,D+ E>0,D—-E>0.
REMARK 3. Author [6] has generalized the Theorem 4.

4. The generalization of J. Bender’s theorem.

DEerINITION 3. A function f(z) is said to be a member of the class S(p, q), where
p and q are positive integers with p = ¢, if and only if f(z) is meromorphic for
| z| <1 and there is a positive member p such that

zf'(z) 1

4.1 Re >—-y, 0=Zy=—, <lz|<l,
(4.1) 6] 7 1S5, p<|z|

2= 3 .
4.2) darg f(re'®) = 2np, z=re", p< |z| <1,

0
and
4.3) f@) =z + 2 az",  |z|<L

n=qg+1

Then, f(z) is star-like of order at most p in one direction from (2) of the
Theorem 2.

S1(p,q) denotes the class of functions of the class S(p,q) which satisfy (4.1),
(4.2)and (4.3) on |z|=1.

THEOREM 7. Let f(z)e S,(p,q). Suppose that in addition to the qth order
zero at z =0, the function f(z) has exactly s zeros, a,,0,, -+, &, and t poles,
BisB2se+sBe such that 0<|o;| <1, 0<|B;| <1, i=1,2,,5, j=1,2,--t
Finallylet q+s>tand q+s—t=p. Then

@8 F@=f@ I Q=g 27 (&) [] A - 672 - )
i=1 j=1

is a member of the class S,(p, p).

Proof. By our hypothesis F(z) is regular for |z| < I and has no zero in |z| <1
except the pth order zero at the origin. Moreover,
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zZF'(z) _ zf'(2) 4 i o — &z? i B; — B;z*
F(z) @) =y wtE@z2-(1+ Iaslz)z j=1 Bi+ Bzt —(L+|B;|»7
Re _tOF (ew) — Re eiOf/(eiO)
F(e®) f(€*)

Thus on Izl = 1, we have

zF'(z) zf'(z) _
Fo) e o

and since F(z) has p zeros in | z| < 1, at the origin,

Re

2n

dargf(z) = 2pm, z=e"
o
Hence F(z) e S{(p, p).

THEOREM 8. Let F(z) € S(p, p). Then

(4.5) ___Iz_lp___ < | Fi z)| < ___lf_lp___
(l + Iz|)2p+2y = =(1 I |)2p+27 ’

46 arg T2 <+ piog = * =E

To prove the above theorem we need the following lemma.

LEMMA 2. Let F(z) be regular for |z| <1. If ReF(z)= 0 for |z| <1 and
F(0) =1, then

142 | 2r

— i0 < .
- l<1—r2 for z=re O0O=r<l

| Fe) - 5

We owe this lemma to Z. Nehari [2, p. 173].
Proof of Theorem 8. Since F(z) is regular for |z| <r and has p zeros in
|z| < r, at the origin, and satisfies

Re [%+)’] >0,

we have by the Lemma 2

2F@ (P+nU+|z]»
Fz) 1=z

Then we obtain

L2+ 92|
E
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zF'(z) p  2Ap+y):

F(z) z

et < 2p+v)
z bl 4

G

When we integrate along the radius 0z, we have by this relation

I log@— (p+ v)logﬁly |
F(F(@ p 2Ap+y)z
@ s R -5 -1 )«
21 2(p +9) 14|z
éf '1—_—|;|—zdlzl=(P+}’)l°gleT;|‘l,

where we put the branch of log(F(z)/z”) that makes log(F(z)/z?) zero at the
origin. Therefore, since log (F(z)/z”) is in the circle whose center is

—(p+)log(l — |z[%)
and its radius is (p +y){log(1l + |zl) —log(1 - |z|)}, we obtain (4.5). When
we put the imaginary part of log (F(z)/z?)in (4.7), we obtain (4.6).

THEOREM 9 (THE REPRESENTATION THEOREM). Let f(z)e S(p,q). Suppose that
f(2) has exactly s zeros, a;, oy, +,a, and t poles B, B, -, B,, such that
0< |oz,«| <1,0< |[3j| <l,i=12,--+,s,j=1,2,---,t. Letq+s>tand q+s— t=p.
Then we have

@9 (@)= FE "I (-9 =& [11 - 797 A= B

where F(z) e S(p, p).

Proof. Consider the sequence {G,(z)}, where G,(z) = f(t,z) when p~! >1,>1
and lim,, ,t,=1. Then, with z =re®®, G,(z) satisfies (4.1) and (4.2) when
pt; ' <r<t; ' Thus for each n, G(z),€S,(p,q). Applying Theorem 7, we have

Fu2) = @2 [T (1 2 by (1 — 203 ] (1 =B} 1,201 = Btad),
i=1 j=1

where F,(z) € S,(p, p). Since F,(z) is regular for |z| < 1 and has no zero in |z l <1
except the pth order zero at the origin, we have lim,_, , F,(z) = F(z) uniformly in
every closed subdomain interior to |z| < 1. Then we obtain (4.8).

DEeriNITION 4. A function f(z) is said to be a member of the class K(p, q) if and
only if f(z) has the representation given by equation (4.8).

5. An extremal theorem for the class K(p, q).

THEOREM 10. Let f(z) € K(p,q). Then
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.1 la,| 2|4, n=q+1,q+2,,

(5.2) |fre®)| S H(), z=re?,

where A, and H(z) are defined by

H(Z) =(1—_zz)2T+2';' ;I;Il(l — Ia'.' —12)(1 — IaiIZ)

(.3) : 12[1(1 AT AR S

=z7+ zo:o Az"  for |z| Min[]ﬂjl,j=1,2,...,t].

n=q+1
Proof. By Theorem 9 we have
[>e]
f@ =z2'+ X a.z"
(5.4) n=g+t
s t
= F@z" P [[(1 - ')A —&2) [T - B;'2)~ ' — B;2)~*
i=1 ji=1
Since F(z) is regular for |z|<r and F(z)#0 or o for 0<|z|<r and
Re {zF'(z)/F(z) + v} > 0, we have by Carathéodory’s theorem
{zF'(2)[F(z) + 7} < (p + )1 + 2)/(1 - 2).
Therefore we have
(5.5 F(z) < 29(1 — z)*P*27,
We have also for |z|<Min[|B;],j=1,2,-,1]

t t
(5.6) l—[1 A-B'2'(1-Bp) ' < Hl(l —|8;] 7|87
Ji= i=
Then, by using (5.4), (5.5) and (5.6) we obtain (5.1). Therefore, the bound (5.2)
follows readily from (5.1).
THEOREM 11. Let f(z) € K(p,q). Then
i0 :
| f(re )l_(m H( E ')(1—|°‘i|')

i=1

(5.7

t r -1
. ]'I(1+ ) (L+|B;|n7!
=\ B
forr< Min[l,B,l,j =1,2,---,1].
Proof. The bound (5.7) follows immediately from Theorem 8 and Theorem 9.



1965] MULTIVALENT FUNCTIONS STAR-LIKE IN ONE DIRECTION 81

TueoREM 12. Let f(z) =277 +a_,+,2 2"+ ... be regular except for a pole
of order p at the origin in |z| < 1. If f(2) satisfies the following conditions

(5.8) Re[zjf(g)_]q, 0§s§71, 0<|z|=r<1,
(59 J:"Re[z;(()z)]da— =2pn, z=re’, O0<]|z|=r<1,

then f (2) is star-like of order at most p in one direction and we have

1 2p+2e 1 2p+2e
a0) LD < LD
|2[° |2]
2p+2)(2p+26—1)--Qp+2—k+1
(5.11) Ia-,,+k|§(p+ )(2p + 2¢ k!) (2p+2—k+1)

for k=1,2,---,p, and

+17|

1
(5.12) |argz’f (2)| < (p + &)log [

Proof. f(z) is star-like of order at most p in one direction from (1) of the
Theorem 2. Since we have

S@ e
F@ CC= TPt Eb

we obtain from the assumption

Re [Zfl(z)—s]\/(—p—-s)>0.

f(@
Then we obtain from Lemma 2
zf’(z)+p 2Ap+e)|z |2| 2Ap +9)|z|
1@ =2 TERE

When we integrate along the radius 0z, we have

|tog2"f (2) = (p + &)log(1 — | z[?)|

s s[5 -T) e]
< j"' 2p +9) 1+]z]
A -

_l-jz—li d|z|=(p+s)10g

where we put the branch of log(z"f(z)) that makes log(z?f(z)) zero at the origin.
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Therefore, since log(z*f(z)) is in the circle whose center is (p + ¢)log(l — |z|2)
and its radius is (p + &) {log(1 + | z|) — log(1 — | z|)}, we obtain (5.10). When
we put the imaginary part of log(z?f(z)) in (5.13), we obtain (5.12). Moreover,
since we have Re{zf'(z)/f(z) — ¢} <0, we obtain by Carathéodory’s theorem
f(@) < + 2)***2%/z?. Therefore, from this relation we obtain (5.11).

REMARK 4. Theorem 9, Theorem 10 and Theorem 11 are generalizations of
J. Bender’s theorem [1]. Further, when we put ¢ =0 in (5.11) of Theorem 12,
we obtain W. C. Royster’s theorem [5]. Moreover, if F(z) = z?+ a,,z°*' + -
is regular and star-like of order p in the direction of one diametral line of F(z)
for |z| =< 1, then there exists the relation

vl = (7)1

This relation was proved in [7].
I wish to express here my hearty gratitude to Professor S. Ozaki for his kind
guidance during my research.
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