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1. Introduction. Recently J. Bender [1] has obtained the following representation

theorem for the multivalently star-like functions of the class C(p,q) which is

given in the following form:

Theorem A. A function f(z) is said to be a member of the class C(p,q),

where p and q are positive integers with p¡íq, if and only if there is a positive

number p such that

(1.1) Re^->0,       p<|z|<l,

(1.2) f     Re \HM-\ dÖ = 2np,      z = rew,    p < r < 1,

and

(1.3) f(z) = z" +    Ê     anz",       |*|<1.
n=4+l

Let f(z)eC(p,q). Then

(1.4) /(z) = [<Kz)]V-' Tf (i - «IVKI - äsz),
s = l

where <b(z) e C(l, 1), 0 < | a¡ \ < 1 and f(a¡) = 0 for i = 1,2, • • -,(p - q).

Moreover he has proved an extremal theorem for the functions of the class

C(p,q).
The set of analytic functions star-like in one direction has been introduced by

S. Ozaki [3] and M. S. Robertson [4]. T. Umezawa [8] has obtained a wider

sufficient condition for a function star-like of order at most p in one direction

and for a function convex of order at most p in one direction.

The purpose of this note is to extend T. Umezawa's theorem into the form

of Theorem 1 by using an idea of S. Ozaki [3], and we shall generalize J. Bender's

representation theorem in §4 and his extremal theorem for the functions of the
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class C(p,q) in §5. Moreover, we shall obtain a generalization of W. C. Royster's

theorem [5].

2. Functions star-like of order p in one direction.

Definition 1. Let/(z) be meromorphic for | z | z% r and continuous and/(z) # 0

on | z | = r. Furthermore let C be the image curve of I z I -=> r under/(z). If C is cut

by a straight line passing through the origin in 2p, and not more than 2p points,

f(z) is said to be star-like of order p in one direction.

Now let Cy denote the part of | z | = r on which d arg/(z) > 0 when z moves

on |z| = r positively and put JCldargz = x, and let C2 denote the part of

|z| = r on which darg/(z) z% 0 when z moves on |z| = r positively and hence

J"C2dargz = 2n — x. Besides, we put

(2.1) yy=   \ darg/(z),      y2 = -   f     darg/(z).
JCi Jc2

Let N(cp) be the number of the points of intersection of the straight line

arg/(z) = ep (started from the origin) with C. Then it is evident that the total

variation of arg/(z) on C is given by J"o iV(<£) dep. If C is star-like of order at least

(p + 1) in one direction, then we have

(2.2) j*NicP) dep = £ | darg/(z) | 2: 2nip + 1).

Hence we have

(2.3) yi + y2 = jc\ dargfiz) \ 2ï 2nip + 1).

On the other hand, when nia) denotes the number of a-pointsof/(z) in |z| < r,

we obtain

(2.4) yi - y2 = £ darg/(z) = 27t{n(0) - «(oo)}.

From (2.3) and (2.4), we have

(2.5) y, 2; {p + 1 + n(0) - n(co)}7t,

(2.6) y2 2: {p + 1 - n(0) + n(oo)}?t.

From (2.3), (2.5) and (2.6) we obtain the following theorem.

Theorem 1. Letfiz) be meromorphic for | z | ^ r and continuous andfiz) # 0

on I z | = r. If /(z) satisfies on | z | = r one of the following conditions

(2.7) y y =   i darg/(z)<(^ + B)7t,
JCi
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(2.8) y2 = - í daxgf(z)<(A-B)n,
Je«

(2.9) yx + y2 =   J \ daxgf(z) | < 2nA,

where A = p + 1, B = n(0) — n(oo), then f(z) is star-like of order at most p in

one direction.

Remark 1. (2.9) is T. Umezawa's theorem [8].

Theorem 2. Under the same assumption as Theorem 1, if f(z) satisfies on

¡z | = r one of the following conditions

m zf'(z)       A + B
(d Re7^r<-2-'

(2.10) (2) Re^>      A~B

(3) Re

/(*) 2    '

zf'iz) I
f(z)

<A,

where A = p + 1, B = n(0) — n(oo), then f(z) is star-like of order at most p in one

direction.

Proof. When we notice that

(A + B)n      A + B {A - B)n A-B

x 2 2n — x 2

we obtain (1) and (2) in (2.10) from (2.7) and (2.8) respectively. Moreover, we

obtain easily (3) of (2.10) from (2.9).

Remark 2. The relation (3) of (2.10) is T. Umezawa's theorem [8].

Theorem 3. Under the same assumption as Theorem 1, if f(z) satisfies on

I z | = r the following inequality

„,(, a(A-B)        _   [zf'iz) I
(2-U) -2a-(A + B)<Re[jW\<Cl'

where A = p + 1, B = n(0) — n(oo), A + B>0, A — B>0 and 2a is an arbitrary

number not less than A + B, then f(z) is star-like of order at most p in one

direction.

Proof. We apply here the method which has been used by T. Umezawa [8].

Since we have on | z | = r

(2.12) y y - y2 =   f daxgf(z) = 2nB,
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we obtain

(2.13) y, + y2 = j | darg/(z) | = 2y. - 2nB.

Since we have the hypothesis (2.11), we obtain

(2.14) yt<ax,

(2.15) y2<aG4-£)(27T-x)/(2a-,4-B).

Let us show that, under these circumstances, y y < iA + B)n. Suppose that

(2.16) yy^iA + B)n,

then we obtain y2 2: (A - B)n from (2.12), and we have from (2.15)

iA - B)n < «iA - B)(2n - x)/(2a - A - B).

Since we have A — B > 0 and 2cc> A + B from the hypothesis, we have

(2.17) iA + B)n > ax.

But on the other hand by (2.14) and (2.17), we obtain yx < (X + B)n. This contra-

dicts (2.16). Hence we have yt < (A + B)n on | z | = r. Therefore, by (2.7) f(z)

is star-like of order at most p in one direction.

Corollary 1. Under the same assumption as Theorem 1, if f(z) satisfies on

\z\ = r the following inequality

ReZ/'(z)      B\<A

where A = p + 1, B = n(0) - n(ao), A + B>0, A- B>0, then f(z) is star-

like of order at most p in one direction.

Proof. If we put a = A + B in (2.11), then we have Corollary 1.

3. Functions convex of order p in one direction.

Definition 2. Let f(z) be meromorphic for | z | ^ r and continuous and

f'(z) # 0 on | z | = r. Furthermore let C be the image curve of I z I = r. If every

straight line parallel to a direction cuts C in not more than 2p points and there

exists at least one such straight line which cuts C in 2p points, then /(z) is said

to be convex of order p in one direction.

Lemma 1. If zf\z) is star-like of order p in one direction, then (i) f(z) is

convex of order at most p in one direction, (ii) f(z) is at most [p + n(co)]-valent

and at least Max [n(oo) — p, l]-valent for | z | z% r.

We owe this lemma to M. S. Robertson [4] and T. Umezawa [81.
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We can prove the below-mentioned Theorem 4, Theorem 5, Theorem 6 and

Corollary 2 by using Lemma 1 corresponding to Theorem 1, Theorem 2, Theorem 3

and Corollary 1.

Theorem 4. Let f(z) be meromorphic for |z|iSr and continuous and

f'(z) # 0 on | z | = r. Let n*(a) denote the number of a-points off'(z) in | z | < r.

Moreover, let Cy denote newly the part of\z\ = r on which d arg df(z) > 0

and let C2 denote the part of \z\= r on which daxgdf(z) ^ 0. // /(z) satisfies

on | z j = r one of the following conditions

(3.1) f    daxgdf(z)<(D + E)n,
Jc,

(3.2) - f  daxgdf(z)<(D-E)n,
JC 2

(3.3) f    \daxgdf(z)\<2nD,

where D = p+1 — n(co), E = n*(0) — n*(oo) + 1, then f(z) is convex of order

at most p — n(co) in one direction for |z| ^ r. Further f(z) is at most p-valent

and at least Max[2n(oo) - p, l~\-valent for | z | ^ r.

Theorem 5. Under the same assumption as Theorem 4, if f(z) satisfies on

\z\ = r one of the following conditions

(3.4)(2) 1 + Re^>_£i£,

(3) 1 + Re Z/"(Z)1 + Re7¥ <D,

where D = p + 1 — n(oo), E = n*(0) — n*(oo) + 1, then f(z) is convex of order

at most p — n(co) in one direction for |z| ^ r. Further f(z) is at most p-valent

and at least Max [2n(co) — p, l~\-valent for | z | ^ r.

Theorem 6. Under the same assumption as Theorem 4, if f(z) satisfies on

| z | = r the following condition

nv ßjD-E) zf'jz)(15) ~2ß-D-E <l + ReTW<ß'

where D = p+l- n(co), E = n*(0) - n*(oo) + 1, D + E > 0, D - E > 0 and

2ß is an arbitrary number not less than D + E, then f(z) is convex of order at
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most p — n(oo) in one direction for |z| ^ r. Further /(z) is at most p-valent and

at least Max[2n(oo) — p,l]-valentfor \z\ z^r.

Corollary 2. Under the same assumption as Theorem 4, if fiz) satisfies on

\z\ — r the following inequality

1 + Reira_£
/ 0)

<D,

where £ = p + 1 - n(oo), £ = n*(0) - n*(co) + 1, £> + £ > 0, D - £ > 0.

Remark 3. Author [6] has generalized the Theorem 4.

4. The generalization of J.  Bender's theorem.

Definition 3. A function/(z) is said to be a member of the class Sip, q), where

p and q are positive integers with p 2: q, if and only if fiz) is meromorphic for

| z j < 1 and there is a positive member p such that

(4.1) Re^Op.>-v,      Ogyá-i,       P<|*|<1.

(4.2)

and

/» 2«

darg/(rei9) = 27rp,        z = rew, p<|z|<l,

(4.3) fiz) = zq+    I    anz\        \z\<\.
n=g+l

Then, /(z) is star-like of order at most p in one direction from (2) of the

Theorem 2.

Syip,q) denotes the class of functions of the class S(p,q) which satisfy (4.1),

(4.2) and (4.3) on | z | = 1.

Theorem 7. Let f(z)eSy(p,q). Suppose that in addition to the qth order

zero at z = 0, the function f(z) has exactly s zeros, a.y,0i2,---,a.s and t poles,

01.02»-»A. such that 0<|«»|<1, 0<|j8y|<l, i = l,2,-,s, j = l,2,--,t.
Finally let a + s > t and q + s — t = p. Then

(4.4) F(z) - fiz)z>-' Ô (1 - a-'zy'il - ^z)"1 ([ (1 - ^/^(l - p»
i-i j = i

is a member of the class Syip,p).

Proof. By our hypothesis Fiz) is regular for | z | < 1 and has no zero in | z | < 1

except the pth order zero at the origin. Moreover,
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zF'(z)       zf'iz)
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4   I
ßj-Pjt2

Fi?)   '       Kz)        i = i   «, + a^*-(l + |ai|a)z     ¡Zy   ßj + ßjZ2-(l + \ßj\2)z

ei6F'(ew) ei6f'(ew)
Re-— = Re ————

F(ew) f(ew)

Thus on | z | = 1, we have

zF'(z) z/'(z)
Re   „, .   = Re > - y,

^(z) /(z)

and since F(z) has p zeros in | z | < 1, at the origin,

•2*/..¿rt

I    d axg f(z) = 2pn, z = e

Hence F(z) e Sy(p, p).

Theorem 8. Let F(z) e S(p, p). Then

(4.5)

(4.6)

(l + |z|)2p + 2

F(z)
arg

zp

-- ^ | F(z) | ^

^(p + V)log

(l-|z|)2p+2ï

i-ur
To prove the above theorem we need the following lemma.

Lemma 2. Lei F(z) be regular for | z | < 1. // ReF(z) ^ 0 for | z | < 1 and

F(0) = 1, then

F(z)
1 + r2

1-r2
<

2r

1-r2
for z = reie       (0^r< 1).

We owe this lemma to Z. Nehari [2, p. 173].

Proof of Theorem 8. Since F(z) is regular for | z | :£ r and has p zeros in

| z j < r, at the origin, and satisfies

Re
r zF'jz
[  F(z)

z)
+ y >o,

we have by the Lemma 2

zF'jz) (p + y)(l + [zl2)     <2{p + y)\z\

F(z)   +y      -      l-|z|2 =   l-|z|2

Then we obtain
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zF'iz) _P_
z

Up + y)z 2jp + y)

= l-|zl2'Fiz) z       l-|z|

When we integrate along the radius Oz, we have by this relation

Fiz)    .... 1
log- ■-(p + y)log

1

(4.7)
f*    f F'jz)       p      2(p + y)z \ ^
Jo     \F(z)   ' ' l-

r lzl 2

~  Jo     "Î
M2(p + y)      .   , l + |z|

-jj   d|z|=(p + y)logy-jjr

where we put the branch of log(F(z)/zp) that makes log(F(z)/zp) zero at the

origin. Therefore, since log(F(z)/zp) is in the circle whose center is

-(p + y)log(l-|z|2)

and its radius is (p + y){log(l + |z|) - log(l - |z|)}, we obtain (4.5). When

we put the imaginary part of log (F(z)/zp) in (4.7), we obtain (4.6).

Theorem 9 (The Representation Theorem). Let f(z)eS(p,q). Suppose that

f(z) has exactly s zeros, a1; a2, •••,«, and t poles ßy, ß2,---,ß„ such that

0< \a¡| < 1,0< \ßj\ < 1, i = 1,2,■■-,s,j = 1,2,••-,«.Letq + s > land q + s-t-p.

Then we have

(4.8)   /(z) = F(z)z«-pn (l-ar'zXl-â.z) \\ (1 - ßj-lz)'l(l - ßjzy1,
i=i j=i

where Fiz) e Sip, p).

Proof. Consider the sequence {G„iz)}, where G„iz) =/(t„z) when p_1 > r„ > 1

and lim„^o0t„= 1. Then, with z = rew, G„iz) satisfies (4.1) and (4.2) when

pÇ1 < r < t~\ Thus for each n, Giz)„eSyip,q). Applying Theorem 7, we have

F„(z) = Gn(z)z'-* n (1 - arXzf1 (1 - ztß)-1   {[ (1 -ßf V)0 - ßj^),
¡ = i j = i

where F„iz) e Sxip, p). Since F„iz) is regular for | z | < 1 and has no zero in | z | < 1

except the pth order zero at the origin, we have lim„_ coF„(z) = Fiz) uniformly in

every closed subdomain interior to | z | < 1. Then we obtain (4.8).

Definition 4. A function/(z) is said to be a member of the class Kip,q) if and

only if/(z) has the representation given by equation (4.8).

5. An extremal theorem for the class K(p, q).

Theorem 10. Letf(z)eK(p,q). Then
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(5.1) |a8|^|4,|.       n = q + í, q + 2,-,

(5.2) \f(rem)\úH(r),       z = reie,

where An and H(z) are defined by

(5.3) • na-l^r^r'a-l^hr1j=i
00

= z-+    I   Anz"    /or |z| Min[|^.|, / = l,2,--,í]-
n=q+l

Proof. By Theorem 9 we have

00

f(z)  = z« +    1    anz"

(5.4) "=4+1

= F(z)z«-p F] (1 - a;-1z)(l - m Ó (1 - ßjxz)-l{\ - ßjz)'1 .
¡ = i j = i

Since F(z) is regular for  | z | < r and F(z) #0 or  co  for 0 < | z | < r and

Re {zF'(z)jF(z) + y} > 0, we have by Carathéodory's theorem

{zF'(z)IF(z) + y}<(p + y)(l + z)l(l - z).

Therefore we have

(5.5) F(z)^zV(l-z)2,>+2\

We have also for \z\ <Min[\ ßj\,j = 1,2, ••-,*]

(5.6) Ó (i-ßj'zT'ii - ßjzV1 < Ó d - \ßj\ -lz)-\l - \ß,\z)-\
j = i j = i

Then, by using (5.4), (5.5) and (5.6) we obtain (5.1). Therefore, the bound (5.2)

follows readily from (5.1).

Theorem 11.  Letf(z)eK(p,q). Then

(57)        i^"»i*(TT^n(I-H)(lH",|r)

for r < Min[\ßj\,j = 1,2,-,tl

Proof. The bound (5.7) follows immediately from Theorem 8 and Theorem 9.
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Theorem 12. Let fiz) = z p + a-p+1z p+1 + ■■• be regular except for a pole

of order p at the origin in I z I < 1. If fiz) satisfies the following conditions

(5.8, «.[f]<, 0^£è~,       0<\z\zir<l,

z = reie,       0<|z|^r<l,

then fiz) is star-like of order at most p in one direction and we have

(5.10) %|/(z)|^(-14
\z\p \z\p

(5.11)

for k — 1,2,...,p, and

(5.12)

a-p+k\ ^
(2p + 2e)(2p + 2e - 1) ■•■ (2p + 2e - k + 1)

fc!

|argzp/(z)|^(p + e)logi±14
l-|z|

Proof. f(z) is star-like of order at most p in one direction from (1) of the

Theorem 2. Since we have

^lzl-B=-p-e+  I bnz-,
/00 B=i

we obtain from the assumption

Re w-u(-p-e)>0.

Then we obtain from Lemma 2

zf'jz) 2(p + e)[z|2 |       2(p + e)\z\
ff y + p + —;—rVf(z) 1 - z

<
l-|z|2    •

When we integrate along the radius Oz, we have

|logzp/(z)-(p + e)log(l-|z|2)|

(5.13) á|f™ + ±_^U|
I J0   \ /(z)        z       l-|z|2 /

r'zl    2(p + e)       .   . l + |z|

where we put the branch of log(z"f(z)) that makes log(zp/(z)) zero at the origin.
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Therefore, since log (zp/(z)) is in the circle whose center is (p + e)log(l — | z |2)

and its radius is (p + e) {log(l + | z | ) - log(l — | z |)}, we obtain (5.10). When

we put the imaginary part of log(zp/(z)) in (5.13), we obtain (5.12). Moreover,

since we have Re {zf '(z)\f(z) — z} < 0, we obtain by Carathéodory's theorem

f(z)4í(l + z)2p+2e¡zp. Therefore, from this relation we obtain (5.11).

Remark 4. Theorem 9, Theorem 10 and Theorem 11 are generalizations of

J. Bender's theorem [1]. Further, when we put £ = 0 in (5.11) of Theorem 12,

we obtain W. C. Royster's theorem [5]. Moreover, if F(z) = zp+ ap+xzp+1 + ■■•

is regular and star-like of order p in the direction of one diametral line of F(z)

for | z | :£ 1, then there exists the relation

1-1 s It'll-
This relation was proved in [7].

I wish to express here my hearty gratitude to Professor S. Ozaki for his kind

guidance during my research.
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